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We have established a prescription for the calculation of analytical vortex solutions in the context
of generalized Maxwell-Higgs models whose overall dynamics is controlled by two positive functions
of the scalar field, namely f (|φ|) and w (|φ|). We have also determined a natural constraint be-
tween these functions and the Higgs potential U (|φ|), allowing the existence of axially symmetric
Bogomol’nyi-Prasad-Sommerfield (BPS) solutions possessing finite energy. Furthermore, when the
generalizing functions are chosen suitably, the nonstandard BPS equations can be solved exactly.
We have studied some examples, comparing them with the usual Abrikosov-Nielsen-Olesen (ANO)
solution. The overall conclusion is that the analytical self-dual vortices are well-behaved in all rel-
evant sectors, strongly supporting the generalized models they belong themselves. In particular,
our results mimic well-known properties of the usual (numerical) configurations, as localized energy
density, while contributing to the understanding of topological solitons and their description by
means of analytical methods.
PACS numbers: 11.10.Kk, 11.10.Lm, 11.27.+d
I. INTRODUCTION
In the context of classical field theories, structures
possessing topologically nontrivial profiles are usually
described as the static solutions of the Euler-Lagrange
equations in the presence of finite energy boundary con-
ditions [1]. In some special cases, by requiring the min-
imization of the corresponding energy functional, such
structures can also be described via a set of first-order
differential equations also known as BPS equations [2],
which provide genuine solutions of the Euler-Lagrange
ones.
The kink is a one-dimensional topological object aris-
ing within the simplest field model containing only a
single real scalar field [3]. Regarding higher dimen-
sional scenarios, the vortex stands for a planar config-
uration solving some radially symmetric Abelian-Higgs
models [4], whilst the magnetic monopole is a three-
dimensional spherically symmetric object appearing in
the non-Abelian-Higgs case [5]. All these solutions pos-
sess the minimum energy possible, being stable against
decaying into their respective mesons. Moreover, it is
well-known that, in order to give rise to topological fields,
the corresponding model must allow for the spontaneous
symmetry breaking mechanism, with its potential term
presenting at least two asymmetric vacua, since topolog-
ical defects are known to be formed during symmetry
breaking phase transitions.
During the last years, a new kind of topologically non-
trivial objects have been intensively studied in connec-
tion with field models endowed with noncanonical ki-
netic terms which change the dynamics of the overall
system in a nonusual way. It is worthwhile to point out
that the motivation regarding exotic dynamics arises in
a rather natural way in the context of the string theories.
In particular, given some special constraints, field mod-
els possessing nonusual dynamics also support minimum
energy solutions; see, for instance, Ref. [6]. Moreover,
except for their nontrivial nature, these solutions behave
in the same general way as their standard counterparts
do. On the other hand, exotic kinetic terms also induce
slightly variations on the shape of the corresponding field
solutions, changing their amplitudes and/or characteris-
tic lengths. Nonstandard field models are defined by in-
troducing generalizing functions on usual field models.
Detailed investigations regarding topological defects in
the context of these models are found in Ref. [7]. Many
authors have also studied interesting applications of these
new solutions within several different scenarios, specially
involving the accelerated inflationary phase of the uni-
verse [8] via the so-called k-essence models [9], strong
gravitational waves [10], tachyon matter [11], dark mat-
ter [12], and others [13].
Besides the variations on the defect amplitudes and
characteristic lengths, these generalizing functions also
provide new features for some models, as for example,
self-dual analytical solutions which certainly enriches our
understanding about integrable systems. Recently, self-
dual analytical monopoles were achieved in Ref. [14] in
the context of some generalized Yang-Mill models [15].
These new analytical solutions, unattainable in the ab-
sence of the modifying functions, were divided into two
different classes according to their capability of recover-
ing (or not) the standard ’t Hooft-Polyakov result. By
following the purpose of achieving analytical solutions for
2topological defects, the present manuscript aims at inves-
tigating the existence of analytical BPS vortex solutions
within the framework of the generalized Maxwell-Higgs
model [16].
The letter is organized as follows. In Sec. II, we re-
view some important details regarding the generalized
Maxwell-Higgs scenario. Sec. III is devoted to describe
the prescription implemented to find the analytical BPS
solutions of the generalized model. The consistence of our
approach is verified by investigating some explicit exam-
ples. In the sequel, the new solutions are compared ANO
profiles, allowing the identification of the main properties
acquired by them. Finally, in Sec. IV, we present our fi-
nal remarks and conclusions.
II. THE NONSTANDARD MODEL
We begin by reviewing the (1+2)-dimensional general-
ized Maxwell-Higgs model introduced in Ref. [16], whose
Lagrangian density is
L = −f
2 (|φ|)
4
FµνF
µν + w (|φ|) |Dµφ|2 − U (|φ|) , (1)
where Fµν = ∂µAν − ∂νAµ is the usual field strength
tensor, whilst Dµφ = ∂µφ− ieAµφ stands for the covari-
ant derivative. Moreover, f2 (|φ|) and w (|φ|) are pos-
itive functions which change the dynamics of the over-
all model, being called dielectric functions because they
mimic some effective electrodynamics in continuous me-
dia, as already mentioned in the literature. So far, it was
not explored the possibility of such generalizing functions
to provide exactly solvable models for vortex configura-
tions, being it the main motivation of this manuscript.
Here, for simplicity, all fields, coordinates and parame-
ters are supposed to be dimensionless.
The corresponding Euler-Lagrange equation for the
gauge field is
∂ν
(
f2F νµ
)
= Jµ, (2)
where Jµ = iew
(
φDµφ− φDµφ) is the generalized cur-
rent vector, which is also conserved (∂µJ
µ = 0). The
stationary Gauss law then reads
∂k
(
f2∂kA0
)
= 2e2wA0 |φ|2 , (3)
being trivially verified by A0 = 0, revealing that the
static configurations of the generalized model (1) gen-
erate no electric field.
The stationary Ampe`re’s law can be written as (al-
ready using A0 = 0)
ǫik∂k
(
f2B
)
= Ji, (4)
whilst the equation controlling the Higgs field is
wDkDkφ+(∂kw)Dkφ−|Dkφ|2 ∂w
∂φ
= B2f
∂f
∂φ
+
∂U
∂φ
. (5)
Here, B = ǫjk∂jAk represents the magnetic field.
In order to obtain the first order self-dual equations
of the model (1), we start from the expression for the
generalized total energy, i.e.,
E =
∫ (
1
2
f2B2 + w |Dkφ|2 + U
)
d2x, (6)
which can also be written in the form
E =
∫ (
1
2
(
fB ∓
√
2U
)2
+ w |D±φ|2 ±B
(
f
√
2U
)
± iwǫik (∂iφ)
(
∂kφ
)∓ ewǫikAk∂i |φ|2) d2x. (7)
The energy is minimized by imposing
D±φ = 0 and B = ±
√
2U
f
, (8)
which are the generalized self-dual BPS equations. Con-
sidering Eqs. (8), the BPS energy is then reduced to
EBPS = ±
∫ (
ǫik∂iAk
(
f
√
2U
)
(9)
− ewǫikAk∂i |φ|2 + iwǫik (∂iφ)
(
∂kφ
))
d2x,
and the static Ampe`re’s law is rewritten as
∂k
(
f
√
2U
)
= −ew∂k |φ|2 . (10)
With it, the BPS energy becomes
EBPS = ±
∫ (
ǫik∂i
(
Akf
√
2U
)
+ iwǫik (∂iφ)
(
∂kφ
))
d2x.
(11)
The point to be clarified here is that the integrand in (11)
can be reduced to a total derivative only when consider-
ing axially symmetric configurations. In this context, Eq.
(10) stands for the key condition for attaining self-duality
in this generalized Maxwell-Higgs theory.
Hence, from now on, the fields are supposed to be de-
scribed by the usual axially symmetric vortex Ansatz
φ (r, θ) = vg (r) einθ and A (r, θ) = − θ̂
er
(a (r)− n) ,
(12)
where n = ±1,±2,±3... stands for the vorticity of the
resulting configuration, and the magnetic field is
B (r) = − 1
er
da
dr
. (13)
The profile functions g (r) and a (r) are constrained to
behave according to the standard boundary conditions
g (0) = 0 and g (∞) = 1, (14)
a (0) = n and a (∞) = 0, (15)
giving rise to regular solutions possessing finite energy,
as desired.
3Now, we come back to Eq. (11) defining it in terms of
the energy density εbps related to the BPS solutions as
Ebps =
∫
εbpsd
2x (16)
where
εbps = ∓ 1
er
dH
dr
, (17)
with the auxiliary function H (r) being given by
H (r) ≡ af
√
2U . (18)
This function is finite at origin, H (0) = H0, and fulfills
H (∞) = 0. Observing these boundary conditions for
H (r) , the resulting total energy (16) is
Ebps =
2π
e
|H0| . (19)
One also remarks that H0 is proportional to n, the wind-
ing number characterizing the vortex solution.
In terms of g (r) and a (r), the BPS equations read
dg
dr
= ±ag
r
, (20)
B = ±
√
2U
f
. (21)
which solve the Euler-Lagrange equations of motion. In
order to perform such verification explicitly, we first write
the Ampe`re’s law (4) in its axially symmetric form
d
dr
(
f2B
)
= −2ev2wg
2a
r
, (22)
which becomes
d
dr
(
f
√
2U
)
= −2ev2wgdg
dr
, (23)
when Eqs. (20) and (21) are used. The form (23) recovers
the very same condition (10) that assures the self-duality
of the overall model, revealing the consistence of the self-
dual equations with the Ampe`re’s law. In addition, one
can express Eq. (5) for the Higgs field in terms of g (r)
and a (r), that is,
d2g
dr2
+
1
r
dg
dr
− a
2g
r2
+
1
2w
((
dg
dr
)2
− a
2g2
r2
)
dw
dg
=
1
2wv2
(
B2f
df
dg
+
dU
dg
)
. (24)
It simply provides
U =
1
2
f2B2, (25)
when saturated by the self-dual equations, which coin-
cides with Eq. (21). In this way, we have explicitly
shown that the self-dual equations solve the stationary
Euler-Lagrange equations of motion.
Due to the arbitrariness of f (g) and w (g), the search
for solutions to the axially symmetric Euler-Lagrange
equations can be a quite hard task, even in the presence
of the suitable boundary conditions (14) and (15). A way
to circumvent this point is focusing the attention on the
self-dual equations (20) and (21). However, it is worth-
while to reinforce that such equations only hold when the
model is constrained by condition (10), also expressed as
d
dg
(
f
√
2U
)
= −2ev2wg. (26)
We can summarize in the following way: given a set of
functions f , w and U satisfying (26), regular solutions
g (r) and a (r) can be found by solving (20) and (21) using
the boundary conditions (14) and (15). The resulting
configurations stand for topological vortices possessing
finite energy given by (19), which remains proportional
to the magnetic flux ΦB = 2πn/e. The proportionality
constant is finite and related to the value of f
√
2U near
the origin. Moreover, it is worthwhile to point out that
εbps = 2U + 2v
2w
(ag
r
)2
, (27)
is the BPS energy density (17), which becomes positive
whenever Eq. (26) ensures a positive w (for a given pair
of functions U and f conveniently chosen).
The next Section introduces some effective Maxwell-
Higgs models for which the BPS equations (20) and (21)
can be solved analytically (instead of numerically, as usu-
ally done). The analytical profiles representing g (r),
a (r), B (r) and εbps (17) are depicted and compared with
the usual (numerical) ANO solution. Furthermore, the
main features of the new analytical vortices are high-
lighted.
III. ANALYTICAL BPS VORTICES
Now, we present the main goal of this work by intro-
ducing generalized Maxwell-Higgs models for which the
BPS equations (20) and (21) can be solved analytically
according the finite energy boundary conditions (14) and
(15). Here, for simplicity, we only consider those con-
figurations for which the winding number is equal to the
unity (n = 1), although it is also possible to find solutions
with higher vorticity, as it will be explained below.
Along this section, we work with the upper signs in
Eqs. (20), (21) and (17) only. Also, for simplicity, we set
e = v = 1. Our prescription to find analytical self-dual
vortices can be described as follows. Firstly, we choose
the potential U (g) supporting the spontaneous symme-
try breaking of the U(1) local gauge symmetry inherent
to the model (1). In the sequel, we choose an analytical
function g (r) satisfying the boundary conditions (14).
Then, we use g (r) to solve Eq. (20), which allows to
4obtain the corresponding profile for a (r) fulfilling the
boundary conditions (15). In the end, we use Eq. (21)
to evaluate the expression for the generalizing function
f , writing it as a function of the radial variable r (i.e.,
regarding the analytical models as effective ones).
A general observation about the kinetic functions
f2 (|φ|) and w (|φ|) is that they are presented as func-
tions of the radial variable r, not of the field variable g,
i.e., |φ|. Expressing f and w in terms of g gives very long
expressions, when possible. In general, it becomes a very
difficult task.
The analytical profiles here obtained provide a set of
self-dual vortices possessing finite total energy given by
Eq. (19). It is also worthwhile to remember that the cor-
responding f ’s and w’s are positive, as required. These
new solutions are shown in figs. 1, 2, 3 and 4, from which
we highlight their main features.
A. |φ|4-models
We first investigate some models defined by the usual
fourth-order Higgs potential
U (g) =
1
2
(
1− g2)2 , (28)
where the constant the scalar-matter self-interaction was
supposed equal to the unity, for simplicity.
The |φ|4-models here presented possess a generalizing
function f (r) finite at the boundaries (i.e., for r = 0 and
asymptotically). In this case, the BPS equations (20)
and (21) reduce to
dg
dr
=
ag
r
, (29)
1
r
da
dr
=
g2 − 1
f
. (30)
In particular, one clearly sees that f = 1 leads us back
to the standard case
dg
dr
=
ag
r
, (31)
1
r
da
dr
= g2 − 1, (32)
which yields the well-known Abrikosov-Nielsen-Olesen
numerical vortices [4]. Moreover, families containing non-
trivial numerical solutions of the same kind were also
studied in Ref. [16].
We now proceed looking for analytical solutions of Eqs.
(29) and (30). In this sense, by following our prescrip-
tion, the first model we introduce is defined by the BPS
solution
g (r) = tanh (r) , (33)
which trivially obeys (14). Replacing it in Eq. (29), one
achieves the gauge field profile
a (r) =
2r
sinh (2r)
, (34)
satisfying the boundary conditions (15), with n = 1.
Now, by using Eqs. (33) and (34) in Eq. (30), one gets
that the corresponding function f (r) reads as
f (r) =
r (1− cosh (2r))
sinh (2r)− 2r cosh (2r) , (35)
being a smooth and positive function with values f (0) =
3/4 and f (∞) = 1/2. Finally, we obtain the auxiliary
function H by substituting Eqs. (28), (34) and (35) in
Eq. (18). The resulting expression is
H (r) =
r2 sinh (r)(
1
2
sinh (2r)− 2r cosh2 (r) + r) cosh3 (r) , (36)
a smooth function for which the values at the boundaries
read asH (0) = −3/4 andH (∞) = 0, as desired. Finally,
the magnetic field associated with (34) is given by
B (r) =
2 (2r cosh (2r)− sinh (2r))
r sinh2 (2r)
, (37)
whose profile is a lump centered at the origin; see the
dash-dotted red line in Fig. 3. Therefore, the solutions
(33) and (34) represent analytical BPS Maxwell-Higgs
vortices possessing total energy equal to Ebps = 3π/2,
according to the Eq. (19).
The second model, inherent to the |φ|4-potential, is
defined by the BPS solution
g (r) =
√
1− e−r2 , (38)
which also fulfills the conditions (14). From Eq. (29), we
attain the gauge field profile
a (r) =
r2
er2 − 1, (39)
satisfying the boundary conditions (15) (also with n = 1).
Then, by combining Eqs. (38) and (39) in Eq. (30), the
following generalizing function is achieved:
f (r) =
(
e−r
2 − 1
)2
2
(
e−r2 + r2 − 1) . (40)
This is a positive and finite function whose values at the
boundaries are f (r = 0) = 1 and f (r =∞) = 0. More-
over, the corresponding H (r) is given by
H (r) =
r2e−2r
2
(
e−r
2 − 1
)
2
(
e−r2 + r2 − 1) , (41)
providing H (0) = −1 and H (∞) = 0, as required. The
magnetic field,
B (r) =
2e−r
2
(
e−r
2
+ r2 − 1
)
(
e−r2 − 1)2 , (42)
5also is a lump centered at the origin; see the dashed green
line in Fig. 3. This way, the profiles Eqs. (38) and (39)
describe analytical self-dual vortices whose BPS total en-
ergy is Ebps = 2π. In particular, it means that these
analytical solutions saturate the very same Bogomol’nyi
bound fulfilled by the usual (numerical) n = 1 ANO vor-
tex.
B. |φ|6-models
As it was shown in Ref. [16], the generalized model
allows to find BPS vortices even in the presence of a
higher order potential describing the scalar-matter self-
interaction. In this sense, we now go further by introduc-
ing analytical self-dual vortices arising in the presence of
a sixth-order potential, defined by
U (g) =
1
2
g2
(
1− g2)2 . (43)
The vacuum manifold of the corresponding |φ|6-model
is represented by a dot surrounded by a circle, the dot
standing for a symmetric vacuum. As a consequence,
under a suitable choose of the boundary conditions to
be satisfied by the profile functions g (r) and a (r), the
model also supports nontopological self-dual structures
possessing finite energy. Indeed, some of us have al-
ready obtained such objects, with results being forth-
coming reported [17]. It is worthwhile to point out that
nontopological vortices do not occur in the |φ|4-model
(28) because it has no a symmetric vacuum (i.e., its vac-
uum manifold is a circle).
On the other hand, it is well-known that the |φ|6-
potential (43) ensures the self-duality of the usual Chern-
Simons-Higgs (CSH) model, whose topological vortices
possess both electric and magnetic fields. Despite our
generalized |φ|6-Maxwell-Higgs model supports only non-
charged self-dual solutions, they are expected to behave
in the same general way the CSH ones do. Some nu-
merical self-dual |φ|6-Maxwell-Higgs models were already
investigated in Ref. [16]. Here, for completeness, we con-
sider only the analytical solutions for it.
Returning to our prescription, under the |φ|6-potential
(43), the BPS equations (20) and (21) can be written as
dg
dr
=
ag
r
, (44)
1
r
da
dr
=
g
(
g2 − 1)
f
. (45)
In addition, as we demonstrate below, the resulting gen-
eralizing function f (r) is not necessarily finite at the
boundaries.
The first analytical model has the profile g (r) defined
by
g (r) =
r
4
√
1 + r4
, (46)
from which one gets, according to Eq. (44), the corre-
sponding gauge solution,
a (r) =
1
1 + r4
, (47)
whilst Eq. (45) gives the following generalizing function
f (r) =
(
1 + r4
) 5
4
(√
1 + r4 − r2)
4r
. (48)
It has the following behavior at the boundaries: f (0) =
f (∞) =∞. However, even in this case, one still achieves
well-behaved solutions possessing finite total energy. To
clarify the way it happens, we calculate the fields B (r)
and H (r) arising from Eqs. (47) and (46). The magnetic
field,
B (r) =
4r2
(1 + r4)
2
, (49)
presents a ringlike profile, a typical magnetic behavior
related to the |φ|6-vortices; see the dotted blue line in
Fig. 3. The auxiliary function H (r) reads as
H (r) = −
(√
1 + r4 − r2)2
4
√
1 + r4
, (50)
which, at the boundaries, assumes the values H (0) =
−1/4 and H (∞) = 0, as desired. As a result, the an-
alytical profiles (46) and (47) give rise to a BPS vortex
whose total energy is Ebps = π/2.
The second |φ|6-model is a little bit more sophisticated
than the previous ones, the Higgs profile being given by
g (r) = e−
1
4
Ei(1, 14 r
4), (51)
with the function Ei (1, r) standing for the exponential
integral
Ei (1, r) ≡
∞∫
1
e−rx
x
dx. (52)
Nevertheless, the gauge field has a simpler solution,
a (r) = e−
1
4
r4 , (53)
whereas the corresponding functions f (r) and H (r) are
defined by
f (r) = −e
−
1
2
Ei(1, 14 r
4) − 1
r2
e−
1
4
Ei(1, 14 r
4)+ 14 r
4
, (54)
H (r) = −
(
e−
1
2
Ei(1, 14 r
4) − 1
)2
r2
e−
1
2
Ei(1, 14 r
4), (55)
from which we get that f (0) = ∞ and f (∞) = 0,
whilst H (∞) = 0 and H (0) = − 1
2
√
eγ , γ being the Eu-
ler’s constant (γ = 0.5772156649...). We see that f (r)
6FIG. 1: Solutions to g (r) given by (33) (dash-dotted red
line), (38) (dashed green line), (46) (dotted blue line) and
(51) (long-dashed gold line). Here, the solid black line is the
standard (numerical) n = 1 ANO solution.
is divergent at the origin, whilst vanishing asymptoti-
cally. Notwithstanding, as in the previous case, the Bo-
gomol’nyi bound for the BPS total energy saturates at
Ebps = π
√
eγ . The magnetic field of the resulting self-
dual configuration,
B (r) = r2e−
1
4
r4 , (56)
also presents the aforecited typical ringlike behavior; see
the long-dashed gold line in Fig. 3.
In the sequel, we depict all the analytical solutions
together with the standard ANO profile, from which we
highlight their main features and also the differences of
the generalized solutions in comparison with the usual
Maxwell-Higgs ones.
The analytical solutions defining the Higgs profiles
g (r) are depicted in Fig. 1. The profile (33) is plot-
ted with the dash-dotted red line, whilst Eq. (38) is
represented by the dashed green line; these solutions
corresponding to the generalized |φ|4-models. On the
other hand, the dotted blue line stands for (46) and the
long-dashed gold line represents (51); both belonging to
the noncanonical |φ|6-models. The standard (numerical)
n = 1 ANO Higgs profile is drawn with the solid black
line. The overall conclusion is that the analytical solu-
tions behave in the same general way the standard one
does. However, the new profiles saturate the asymptotic
value g (r =∞) = 1 faster, so that the new Higgs pro-
files are more localized, and the corresponding bosons
are more massive than the ANO ones. From now on, we
follow the same line/color definitions established in Fig.
1.
FIG. 2: Solutions to a (r). Conventions as in Fig. 1.
The gauge profiles a (r) are plotted in Fig. 2. There,
we see that the profiles (46) and (51), related to the
|φ|6-potential, have developed a plateau close to the ori-
gin, such structure being a common feature presented in
the self-dual |φ|6-scenarios. On the other hand, the pro-
files (34) and (39), corresponding to the |φ|4-models, are
lumps centered at the origin. The amplitude in r = 0
corresponds to the winding number n = 1, as already
commented. For large radius, all profiles vanish mono-
tonically.
We show the profiles we have found for the magnetic
field B (r) in Fig. 3. The solutions regarding the fourth-
order potential are lumps centered at the origin, just as
the ANO magnetic field. On the other hand, the solu-
tions related to the sixth-order potential present a ring-
like behavior, as expected when considering the magnetic
fields belonging to the self-dual |φ|6-vortices. We also
observe differences both on the amplitudes and on the
characteristic lengths of the magnetic profiles.
By last, the BPS energy densities are depicted in Fig.
4. We see that all the profiles are lumps centered at
origin, as expected for n = 1 vortices (including the |φ|6-
ones). Besides the different characteristic lengths, it is
also interesting to note that the profiles coming from the
fourth-order potential have achieved greater amplitudes
than those ones related to the sixth-order potential.
In the next Section, we present our final considerations
and the perspectives regarding future works.
7FIG. 3: Solutions to B (r). Conventions as in Fig. 1.
FIG. 4: Solutions to εbps. Conventions as in Fig. 1.
IV. ENDING COMMENTS
We have investigated the existence of analytical BPS
vortices within the nonstandard Maxwell-Higgs scenario
proposed in Ref. [16], such model being generalized by
two positive functions, namely f (|φ|) and w (|φ|), which
change the overall dynamics of the original theory; see
Eq.(1). By imposing the radially symmetric ansatz (12)
for the gauge and scalar fields, we have reviewed the
BPS framework and achieved the first-order equations
whose corresponding solutions have finite energy. The
self-duality arises when the condition (26) is satisfied by
the potential U and the functions f and w.
The existence of a well-defined Bogomol’nyi bound
(19) is ruled by an auxiliary function H (r) obeying ap-
propriated boundary conditions which guarantee a finite
total energy. So, the well-behaved H (r) selects the func-
tion f (r) defining the generalized model. With this pre-
scription, we have obtained analytical profiles to some
n = 1 self-dual vortex configurations within both |φ|4-
and |φ|6-models saturating different energy bounds.
In order to compare the analytical self-dual solutions
with the ANO ones, we have depicted the profiles for
the scalar, gauge and magnetic fields, in figs. 1, 2 and
3, respectively, whilst the BPS energy density is plot-
ted in Fig. 4. The overall conclusion is that the new
profiles are well-behaved in all relevant sectors, assuring
the consistence of the generalized models here proposed.
Furthermore, all the solutions have provided localized en-
ergy densities and magnetic fields, as expected. In gen-
eral, they mimic the behavior of the well-known numer-
ical configurations, as the ringlike magnetic field related
to the self-dual |φ|6-vortices.
Concerning the possibility of obtaining analytical so-
lutions with higher winding numbers, no obvious route
for it seems to be available within the models we have
studied in this work. Nevertheless, it is possible to con-
struct analytical BPS vortices possessing higher vorticity
but different generalizing functions f (r). Such proce-
dure is clarified by the following example related to the
|φ|6-models. We propose
g (r) =
rn
(1 + rm)n/m
, (57)
with m, n > 0, as a generalization for the Higgs profile
given by Eq. (46). This leads to
a(r) =
n
1 + rm
, (58)
compatible with the boundary conditions for a vor-
tex possessing any integer winding number (i.e., n =
+1,+2,+3...). The resulting magnetic field is
B(r) =
mnrm−2
(1 + rm)2
, (59)
whilst the corresponding f (r) and H (r) are
f (r) =
rn−m+2
nm
R2−3n/m
(
R2n/m − r2n
)2
, (60)
H (r) =
r2n−m+2
m
R1−6n/m
(
R2n/m − r2n
)2
, (61)
respectively, with R = 1 + rm. However, only the case
m = 2n+2 provides positive f and w, nonsingular mag-
netic field and finite energy. Obviously, the choice n = 1
8and m = 4 reduces this general proposal to the case (46).
The generalization of the vortex configurations present-
ing higher winding numbers within other field scenarios
can follow this general idea.
Regarding future works, interesting issues include the
search for the nontopological self-dual vortices arising
in the generalized Maxwell-Higgs scenario (1) when en-
dowed by the sixth-order potential (43); see Ref. [17].
In parallel, some of us are also working in a general for-
mulation of the deformation method [18] applicable to
field models possessing generalized dynamics [19]. These
two fronts are now under investigation, and we expect
interesting results for a future report.
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